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Abstract

Nearest neighbor classification assumeslocally con-
stantclassconditionalprobabilities. This assumptionbe-
comesinvalid in high dimensionsdue to the curse-of-
dimensionality. Severe biascanbe introducedunderthese
conditionswhenusingthe nearestneighborrule. We pro-
posean adaptivenearestneighborclassificationmethodto
try to minimizebias. We usequasiconformaltransformed
kernels to computeneighborhoodsover which the class
probabilities tend to be more homogeneous. As a result,
betterclassificationperformancecanbeexpected.Theeffi-
cacyof ourmethodis validatedandcomparedagainstother
competingtechniquesusinga varietyof datasets.

1. Intr oduction

In patternclassification,wearegiven � trainingsamples,
wherethe training samplesconsistof � featuremeasure-
ments�����
	���
�������
�	���������� � andtheknown classlabels,� ����� 
������!
#"%$ . Herewe assumethat thereareonly two
classes,i.e.,

� �&���'
�()$ ; The goal is to predict the class
labelof agivenquery �+* .

A simpleapproachto this problemis nearestneighbor
(NN) classification. Sucha methodproducescontinuous
andoverlappingneighborhoodsandusesa differentneigh-
borhoodfor eachindividual query. Furthermore,empirical
evaluationto dateshows that theNN rule is a ratherrobust
method.In addition,it hasbeenshown [5] thattheoneNN
rulehasasymptoticerrorratethatis atmosttwicetheBayes
error rate. NN rulesassumethat locally the class(condi-
tional) probabilitiesareapproximatelyconstant.However,
thisassumptionis ofteninvalid in practicedueto thecurse-
of-dimensionality. Severebiascanbeintroducedin theNN
rule in a highdimensionalinput space.As such,thechoice

of adistancemeasureis critical andadaptiveNN classifica-
tion becomesattractive [4, 6, 7].

ThispaperpresentsanadaptiveNN methodto try tomin-
imize bias in high dimensions.We estimatea metric for
computingneighborhoodsbasedon quasiconformaltrans-
formed kernels. The adaptationyields classconditional
probabilitiesthattendsto beconstantin themodifiedneigh-
borhoods.Theclosermatchto theassumptionsof NN pro-
videsabetterclassificationperformance.

2. RelatedWork

Friedman[6] proposesa techniquefor capturinglocal
featurerelevanceas a reductionin predictionerrors. In-
ducedflexible metricsshow improvementin performance
over the simpleNN method. In [7], HastieandTibshirani
proposean adaptive NN methodbasedon linear discrimi-
nantanalysis. The methodcomputesa distancemetric as
a productof properlyweightedwithin andbetweensumof
squaresmatrices.They show that the resultingmetric ap-
proximatesthe weightedChi-squared distance[7, 9, 11].
Amari andWu [1] describea methodfor improving SVM
performanceby increasingspatialresolutionaroundthede-
cisionsurfacebasedon theRiemanniangeometry. Viewed
underthesamelight, our goal is to expandthespatialres-
olutionaroundsampleswhoseclassprobabilitiesarediffer-
entfromthequeryandcontractthespatialresolutionaround
sampleswhoseclassprobabilitydistributionissimilarto the
query. Theeffect is to make thespacearoundsamplesfar-
ther from or closerto the query, dependingon their class
(conditional)probabilitydistributions.

3. Kernel Distance

Thekerneltrick hasbeenappliedto numerousproblems
[3, 10]. The kernelallows an algorithmto work in a fea-



ture spaceof high dimension. If ,-�
�.� is a mappingof a
point in the input spaceto the featurespace,thenthe ker-
nel calculatesthe dot product /0�1�2
��+*3�4�5,-�
�.�6�7,8�1�+*3� ,
where� denotesthedotproduct.CommonkernelsareGaus-
sian /0�
�2
9�+*:�;�=<?>A@CBDB EF>7E)G3BDB H andpolynomial /I�
�2
��+*3�J��K(JLM�I�'�+*3��N?O Distancein the featurespacemay be cal-
culatedby meansof the kernel [3, 12]. With � and �+* in
the input spacethenthe(squared)featurespacedistanceisP �
�2
9� * �Q�R/0�1�2
��.�%SUT)/I�
�2
9� * �.L0/0�1� * 
9� * � .
4. Quasiconformal Kernel

It is a straight forward processto createa new kernel
from existing kernels[3]. However, we desireto createa
new kernelsuchthat,for eachinputquery �+* , theclasspos-
teriorprobabilityin theneighborhoodinducedby thekernel
metric tendto beconstant.We thereforelook to quasicon-
formalmappings[2].

Previously, Amari andWu [1] have modifieda support
vectormachinewith a quasiconformalmapping.If V)�1�.� is
a positive realvaluedfunctionof � , thena new kernelcan
becreatedby W

/0�1�2
�� * �X�YV)�
�.��V)�
� * ��/0�
�2
9� * �!O (1)

We call it a quasiconformalkernel.Notethat if therestric-
tion on V)�1�.� beingpositive is removed,

W
/ is still a valid

kernel[3].

The questionbecomeswhich V)�
�.� do we wish to use?
We can changethe Riemannianmetric by the choice ofV)�
�.� . The metric Z\[1] ^ associatedwith kernel / becomes
the metric

WZ\[
] ^ associatedwith kernel

W
/ by the relation-

ship [1]:

WZ\[
] ^?�1�.�Y�_V#[9�
�.��V`^a�
�.�6L�V)�1�.�Kb�Z\[
] ^?�1�.� x, whereV#[��1�.�X�&ced9f E)gc�h�i O
Amari andWu [1] expandedthespatialresolutionin the

margin of a supportvectormachineby usingthefollowingV)�
�.�j�=k [
l?mCnpo [q<.r's s t�r\t i s s HHqu H , where vQw is thesetof sup-
port vectors, �+[ is the x th supportvector, o [ is a positive
numberrepresentingthecontribution of �+[ , and y is a free
parameter. Sincethesupportvectorsarelikely to beat the
boundaryof themargin, thiscreatesanexpansionof spatial
resolutionin themargin anda contractionelsewhere.

5. Adaptive Quasiconformal Kernel Nearest
Neighbors

Our adaptive quasiconformalkernel nearestneighbor
(AQKNN) algorithmis motivatedasfollows. Supposethat
theoriginal kernel / is a radialkernel,then /0�1�2
��.�z�=( .

Thus,thequasiconformalkernel(squared)distancecanbe
writtenasP �1�2
�� * �Q�RV)�
�.� b S4T\V)�
�.��V)�
� * ��/0�1�2
�� * �+L{V\�
� * � b (2)

Our goal is to produceneighborhoodswheretheclasscon-
ditional probabilitiestendto behomogeneous.That is, we
wantto expandthespatialresolutionaroundsampleswhose
classprobabilitiesaredifferentfrom thequeryandcontract
thespatialresolutionaroundsampleswhoseclassprobabil-
ity distribution is similar to thequery. Theeffect is to make
thespacearoundsamplesfartherfromorcloserto thequery,
dependingon their class(conditional)probabilitydistribu-
tions. An appealingcandidatefor a sample� with a query�+* is V)�
�.�|�~}X� �:�.���� �.�}Q� ��� � � � * � (3)

where � � ��� �`�Q� ���?^ }Q� �:� � �+*3� and �.�� ��(�S{� � . It is
basedon themagnitudeof the likelihoodratio of two con-
ditional classprobabilities: the maximumlikelihoodclass
(� � ) of the queryversusthe complementaryclass(�8�� ) of
thesample.

Note that: (1) The multiplier V)�1�.� for a sample �
yields a contractioneffect V)�
�.����( whenandonly when}Q� ��� � � �.�QL }X� ��� � � �+*3�J�=( , that is, bothconditionallike-
lihoodsareconsistent.(2) Themultiplier V)�1�+*3� for a query�+* measuresthe degreeof uncertaintyin labeling �+* with
its maximumlikelihoodclass.SubstitutingV)�1�.� (3) into (2)
andsimplifying, weobtain�����A�1�a���A���A�7� �D�`�¡  � � �'¢ �7� �D�9�6  �C��7� � �`�6  � � � £�¤e¥§¦!¨ ��©��3� ¨ �:©\�ª�¬«�¢X­;�:©F�q©����1�ª®
To understandthe above distancewe look at the distance

usinga secondorderTaylor expansionof a generalGaus-
siankernel /0�
�2
9�+*3�;�¯<?>�°H f EF>AE)G�g
±1² r ° f EF>7E)G³g at the query
point, �+* , /I�
�2
��+*��X´�(§S �b �1�µS¶�+*:�K�9·z> � �
�¸S¹�+*3� . Substi-
tuting theTaylorsexpansioninto

P �
�2
9�+*
� yields���:� �1�a�3�»º ¼ �7� �D�9�6  � � �'¢ �A� � �`�¡  �F�3½ ¤�A� � �`�6  � � � ¤¥ ¨ �:�?��� ¨ �:�F�����6¢J�a�:�1¾�¿-ÀAÁÂ�:��¢;�?��� (4)

Thefirst termin theabove equationis a Chi-squared (ap-
propriatelyweighted)distance,while thesecondtermis the
weightedquadratic(Mahalanobis)distance. The distance
(4) is more effient computationallythan the kernel-based
one,andis thususedin AQKNN in ourexperiments.WhenV)�
�.�|´ÃV)�1�+*�� , thequasiconformalkerneldistanceis reduced
to theweightedMahalanobisdistance,with aweightingfac-
tor of V)�1�+*���V)�
�.� dependingon degreesof class-consistency
in V)�
�.� andof labeling-uncertaintyin V)�1�+*3� .

Let us examine V)�1�+*�� . Clearly, �{Ä=V\�
�+*3�pÄ�( . WhenV)�
�+*3�Å´Æ� thereis a high degreeof certaintyin which case
c(x’) is aggressive in modifying the Mahalanobisdistance
andappliesa large contraction. On the otherhand,when



Table 1. Average classification error rates.

Iris(4) Sonar(60) Liver(6) Pima(8) Vote(16) OQ(16) Cancer(9) Ionosphere(34) Hepatitis(19)
AQKNN 4.0 8.7 15.7 17.7 4.7 3.4 2.3 4.8 11.6

C4.5 8.0 23.1 19.5 22.4 3.5 9.4 4.7 5.4 19.4
DANN 6.0 7.7 15.9 22.2 3.2 4.2 2.5 4.8 11.6
KNN 6.0 12.5 16.6 21.7 7.8 6.0 2.7 5.8 14.8

Machete 5.0 21.2 20.1 21.5 6.5 6.7 2.9 6.0 13.5
Parzen 6.0 12.5 16.1 19.9 7.3 5.2 2.5 5.4 12.9
Scythe 4.0 16.3 20.8 21.1 14.7 5.4 2.5 7.2 13.5
SVM-R 4.0 12.5 16.1 21.3 3.0 3.0 2.4 3.0 13.6

V)�
�+*��0´Ç( there is a low degreeof certainty. The Chi-
squaredtermachieveslittle statisticalinformation,in which
casec(x’) is cautiousin modifying the Mahalanobisdis-
tanceandapplieslittle or nocontraction.Now considerthe
effect of V)�
�.� on thedistance(4). It is not difficult to show
that

¨ ���C� � ¨ �:�?���?ÈÊÉ ¼ �7� � �`�6  � � �'¢ �A� � �`�¡  �F�3½ ¤!Ë �7� � �`�6  � � � ¤ �
where Ì representsthe algebraicsign of Í }Q� ��� �p� �+*3�jS}Q� �:� �Î� �.�ªÏ . For a given �+* , V)�
�+*3� is fixed. Thusthe dila-

tion/contractionof the Mahalanobisdistancedueto varia-
tions in V\�
�.� is proportionalto the squareroot of the Chi-
squared distancewith the dilation/contractiondetermined
by thedirectionof variationof }X� ��� � �.� from }Q� ��� � �+*3� . That
is, V)�1�.� attemptsto compensatefor the Chi-squared dis-
tanceignoranceof the direction of variation of }Q� ��� � �.�from }Q� �:� � �+*3� andis driving theneighborhoodcloserto ho-
mogeneousclassconditionalprobabilities.

Estimation Froma nearestneighborhoodof /µÐ points
around � * in the simple Euclideandistance,we take the
maximum likelihood estimate for }Q� ���F� . To estimateÑ �
� � �F� , we usesimplenon-parametricdensityestimation:
ParzenWindows estimatewith Gaussiankernels[5]. We
placea Gaussiankernelover eachpoint � [ in class� . The
estimate ÒÑ �
� � �F� is thensimply the averageof the kernels.
For simplicity, we use identical Gaussiankernelsfor all
pointswith covariance·Ó��y'b�Ô . Moreprecisely,

ÒÑ �
� � �a�|� (� Õ ^ �¶ÖE i l\×AØ
(y � �qT�Ù.� �9Ú b < >Û°Hqu H f EF>7E i g
± f EF>AE i g (5)

where Õ ^ representsthe set of training samplesin class� . Together, Ò}X� ���F� and ÒÑ �
� � �a� define Ò}X� ��� � �.� throughÒ}Q� �:� � �.�Ü� ÝÞ f E'B ^ g ÝßCà f ^ gk i ÝÞ f E'B [ g ÝßCà f [ g . Using the estimatesin (5), we

obtainanempiricalestimateof (3) for eachdatapoint � .

6. Empirical Results

We compareseveral competingclassificationmethods
usingdatasetsfrom the UCI MachineLearningDatabase
Repository: (1) AQKNN methoddescribedabove; here
we use a simplified form of AQKNN: we set · in (4)
to á�b�Ô . Thus, Equation(4) simply reducesto ���:� �q� � �6º¼ â�ã¬ä åªæÅç è G�é À â)ã1ä åªæ�ç è é ½ Hâ)ã
ä åªæ�ç è G é H ¥ Áê H ¨ �:� � � ¨ �:�F�Kë���¢R� � ë ¤ ; (2) SVM
methodwith radial kernels[8]; (3) SimpleK-NN method;
(4) C4.5;(5) Machete[6]; (6) Scythe [6]; (7) DANN–
discriminantadaptive nearestneighborclassification[7];
and(8) LocalParzenWindowsmethod–anearestneighbor-
hoodof / Ð pointsaroundthequery �+* is usedto estimate}Q� ��� � �.� s through(5), from which theBayesmethodis ap-
plied.

Thefeaturesarefirst normalizedoverthetrainingdatato
havezeromeanandunit variance,andthetestdatafeatures
arenormalizedusingthe correspondingtrainingmeanand
variance.Proceduralparametersfor eachmethodwerede-
terminedempirically throughcross-validation. Whenever
SVMlight is involved, the valuesof ì in the radial basis
kernel í��Fî8�KSïìQð!�¸S¶�+*ªð�� , and V werechosenempirically.

Table1 shows the error ratesfor the eight methodson
the nine datasets,where the numbernext to eachprob-
lem denotesthe dimensionsof the problem. Note that the
averageerror ratesfor the Iris, Sonar, Vote, and Hepati-
tis datasets(the numberof datapoints is 100, 208, 232
and155, respectively) werebasedon leave-one-outcross-
validation,whereasthe error ratesfor the remainingdata
setswerebasedon 10 independentrunsof a randomselec-
tion of 200 trainingdataand200 testingdata,sincelarger
datasetsareavailablein thesefive cases(thenumbersare
345,768,1536,683 and351 for Liver, Pima,OQ, Cancer
andIon, respectively).

Table 1 shows that AQKNN achieved the bestor near
bestperformanceovertheninedatasets,followedby SVM-



R. To measurerobustness,for eachmethodñ we compute
theratio ò � of its error rate < � andthesmallesterror rate
over all methodsbeingcomparedin a particularexample:ò � �ó< �jô ��õ�ö �!÷�ø�÷�ù < ø O The larger the valueof ò � , the
worsethe performanceof the methodis in relation to the
bestonefor thatexample,amongthemethodsbeingcom-
pared.Thedistributionof the ò � valuesfor eachmethodñ
overall theexamples,therefore,indicatesits robustness.

Figure 1 plots the distribution of ò � for eachmethod
over theninedatasets.Thedarkarearepresentsthe lower
andupperquartilesof thedistribution thatareseparatedby
themedian.Theouterhorizontallinesshow theentirerange
of valuesfor the distribution. It is clear that AQKNN is
mostrobustover thedatasets.Additional improvementin
performanceis possiblewhentheMahalanobisdistancein
(4) is fully employed. It is also interestingnote that the
local ParzenWindows method,while never achieved best
performance,is ratherrobust.

7 Summary and Conclusions

Thispaperpresentsanadaptivekerneldistancefor near-
est neighborclassification. This methodestimatesa dis-
tancebasedonquasiconformaltransformedkernels.Theef-
fectof thekerneldistanceis to movesampleshaving similar
classposteriorprobabilitiesto thequerycloserto it, while
moving sampleshaving differentclassposteriorprobabili-
tiesfartheraway from thequery. As a result,theclasscon-
ditional probabilitiestendto be morehomogeneousin the
modifiedneighborhoods.Theexperimentalresultsdemon-
stratethat the AQKNN algorithmcanpotentially improve
theperformanceof K-NN andrecursive partitioningmeth-
odsin someclassificationanddatamining problems.The
resultsarealsoin favor of AQKNN oversimilar competing
methodssuchasMacheteandDANN.
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Figure 1. Performance distrib utions.
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